that some boundaries etch very much more deeply than others, although no general relationship has been found between this property and the orientation; similar observations have been reported in connexion with other metals (Forsyth, King, Metcalfe & Chalmers 1946), from which it was concluded that the amount of precipitation and the extent of thermal etching are influenced by the relative orientations of the two crystals and the boundary. This work was carried out at the Atomic Energy Research Establishment of the Ministry of Supply, to whom the author is indebted for permission to publish. The author wishes also to express his indebtedness to Professor E. N. da C. Andrade, F.R.S., for his continued interest in and helpful advice about this research. The theory can be applied to argon using the Lennard-J ones potential for the interaction between argon atoms, and the results are shown in diagrams. The character of the singularity separating liquid and gas can be seen from these diagrams to lie at the lowest point of the isotherm in the unstable region. An estimate of the position of the critical point is made and found in fair agreement with the experimental data.
Finally a numerical computation has been carried out for argon; two isotherms have been calculated, one for the critical temperature, the other for a somewhat lower one.
Apart from the assumptions which are discussed in the first section, there has been made a rather drastic approximation, namely only the first three roots of the transcendental equation have been taken into account. Better results could perhaps be obtained by taking into account as many as five roots. But in spite of the rather crude numerical computation actually employed, it is clearly shown that the approximation is able to penetrate beyond the singularity into the liquid region.
The expression for the free energy given by Green (1947), which incidentally is not quite correct, can also be expressed with the help of the approximation developed here. One deviation from Green's original method must be mentioned here. He simplified the expression by replacing under some integrals the radial distribution function by its mean value and assumed this to be constant. This approximation turned out to be too crude. Here it will be improved by regarding the mean value as a function of temperature and density. For the perfect gas and effectively above the Boyle point, at which temperature the first virial coefficient vanishes, this parameter becomes identical with unity; but for lower temperatures it may vary quite widely. It is a significant fact that it is by the introduction of this dependence on temperature and density of the parameter, that the critical volume as obtained from our calculations is nearly equal to that given by experiment. If, on the contrary, the value of the parameter were assumed to be constant and equal to unity for all values of temperature and density, the critical volume would turn out to be twice as large as the actual experimental value.
Further, it can be inferred from experiment that the branch point should move with decreasing temperature to higher densities; this would not result from the theory if the parameter is taken as a constant, but is obtained correctly if it is deter mined as a function of temperature as described.
1. T h e fundamental equation. T he Kirkwood approximation It has been found by Born & Green (1946) that the radial distribution function, denoted by njn\, satisfies in thermodynamical equilibrium, the equation 0w2(x(1), X(2)) W 2(x(1), X(2)) dft1' 2> 0x® + W + 1 t3(xW,x<2>,x(3>) , (3) kT 0x(3) ( M ) where w3(x(1),x (2),x (3))dx(1)dx(2)dx(3) is the probability that three distinct molecules 1, 2, 3 occupy volume elements dx(1), dx(2), dx(3), located at x(1), x (2), x (3) respectively* In order to solve (1*1) the following assumption, due to Kirkwood & Boggs (1942) , is made about n3 :
which expresses that the relative probability of the occurrence of a mole cule 3 in conjunction with two others should be the product of the relative prob abilities n f'V/nf'n^ and of the occurrence of the same molecule in conjunction with each of the others separately. Equation (1*2) holds exactly in the case of dilute gases and although it is only approximate in the case of liquids, there are some reasons to presume that one can rely on its validity even for high densities and low temperatures. It is known to have led Kirkwood & Boggs (1942) to results in accordance with experimental data provided by the study of X-ray scattering by monoatomic liquids. It can further be shown* to hold rigorously for solids in the following sense: assuming that the particles have equilibrium positions forming a perfect lattice and neglecting terms in the potential energy higher than the second order, then the probability for finding any three particles with given displacements is expressed by the Kirkwood formula (1*2), in terms of the probabilities for displacements of pairs.
Introducing (1-2) in (1*1) one obtains 0%(x(1),x (2)) %(x(1),x (2)) 0^(1>2) 0x<2> + hT
(1*3) can be finally brought to the form (see appendix II in paper by Green 1947),
(1-4)
The two functions n2(r) and <p(r) depend only on the distance r between the two molecules and are defined for negative values to be even functions of r.
The solution of the integral equation
The solution of equation (1*4) requires still a new approximation. A glance at (T4) shows immediately that the integrand contains n2(r) quadratically. In order to linearize the equation a procedure is used which differs a little from that of Green (1947); it is assumed that n2(r) is of the form n2(r) = n\ e -» T+/(f) (2-1)
• Inserting (2*1) in (1*4) one obtains
It will be seen later on, that the final expression for n2(r) obtained using this approximation is substantially equivalent to that obtained by Montroll & Mayer (1941) for the gas.
Following Green, the fact is used, that a.(r) and <x'(r) are both negligible except for small r, so that, when multiplied by these factors,/(r) may be replaced by (e-«T), its average value in the neighbourhood of the origin. It has been shown by Green (1947) that e = 1 when one is in the gas region, i.e. for low densities and high tem peratures. But it is also clear that e is actually a function of these two variables. One can, however, find an explicit expression for e in terms of both variables, which shows that its value may deviate quite largely from unity for low temperatures. On the other hand it may be considered practically constant with respect to density. This will make it possible to find an explicit expression for the free energy.
After integration by parts, (2*3) becomes
Equation ( Comparing (2*13) with (2-10), it is seen that for the special case e = 1 the two expres sions are identical except for terms in higher powers of /(r) which seem to be then equivalent to the terms under the complicated integrals H^m, etc. apart from the factor e. The effect of averaging and introducing e may therefore be considered as a further refinement. In fact one could still perform an expansion in powers of (e-1) and both expressions could be considered equivalent if one identifies the remaining terms, coming on the one hand from higher powers off(r) and on the other hand from the expansion, with those terms of (2-10) which appear under the sum mation in the form of complicated integrals. It is a significant fact that e, as will be shown in the next section, only becomes equal to unity for temperatures and densities corresponding to the perfect gas, in which case (2*10) and (2*13) become identical with one another.
It seems By a proper choice of the form of the as will be shown clearly in § 5, . a(s) can be assumed to be represented by the expansion (2-15).
From (2-6), which gives the definition of for r real, one gets, after inserting 
n2(r) -n f e -^{ I + / ( r ) } .
This new approximation seems to be reasonable; for r > r x, rx being the value of r for which n2(r) has its absolute maximum, when one substitu ss (3-2) in the integral appearing in (3*1), squares and higher powers of f(r) will not give an appreciable contribution, since the effect of the total correction e/(r) is to superimpose on the first factor e~^r),kT oscillations around a constant value, which will cancel one another on integration. Contributions coming from squares and higher powers of Equation (3-9) holds equally for the liquid and the gas. The difference between them arises from the fact that in the case of the liquid there are two real roots which are not included in the w-summation in (3*9).
In figure 2 the function fi(r) has been plotted for a certain temperature T below the critical one. m
For low densities A/e exceeds the upper bound of fi(r) (case 1 in figure 2) and the 'if fundamental equation has no real roots. This has to be interpreted as the region of the gas. If the density is increased, while the temperature is kept constant, a certain density is reached (case 2 in figure 2) at which two coincident real roots exist. This point is interpreted as separating the metastable states of the liquid from those of the gas. If the density is increased still more, one has two real roots (case 3 in figure 2) which of course are not included in the w-summation of (3-9). This region for which equation fi(z) = A/e has two real roots corresponds to the liquid phase.
For higher temperatures the upper bound of j3(r), which always occurs at the point r = 0, becomes so small that only at exceedingly high densities will the equation fi(z) = A/e have real roots and the liquid region can never be reached.
Equation ( for all zu complex in the upper half of the complex plane.) In some previous considerations the fact has been mentioned that the parameter e, which was introduced to average the function/(r), is not a constant, but a function of temperature and density. This will now be determined.
If the equation ( Hence, the roots which are needed, are those of the type (6-6) and (6*7) for which tu> 0.
There may be a root on the real axis which may be characterized by the index u so that z0 = itQ . The arbitrary function of temperature which appears on integration is calculated by comparing the formula which one obtains with the well-known formula for the free energy for the case of a very dilute gas (A large). Equation (6* 17) is of course approximate. It contains not only the approximations which were used in obtaining the pressure p ,but it is ob that e is only a function of temperature. Au, Bu, A'u, B'u, A'u, B "u according to (6-10), (6-11) and (6*12). With 6 the equation (4-4) would be of 13th order in z2, and have 13 roots for z2 (26 for z cumbersome to use them all in the following calculation; it has turned out that the first three roots z0, zv -z* suffice, but these can be determined with s accuracy from a simplified equation where only the terms -1, 0, 1 in the coefficients are used. This can be seen by examining the figure 7 in which the curve /?(r) calculated before is compared with that obtained by using only the terms k = -1, 0, 1. They coincide practically completely apart from deviations below the abscissa axis, which do not interfere with the roots. This is evident for the real roots, namely the intersection of the curve with the horizontal line as indicated in the figure, but holds also for the complex roots. With this simplification equation (4-4) reduces to z S -P^ + P^-P s = 0, (7-6) where P/s are obtained by the process described earlier. Finally, using the equation of state (6-13), the isotherm for T = 150° K has been calculated. In table 3, the pressure p is given as function of volume, for one cubic centimeter of gas at normal pressure and temperature. The pressure p is expressed in atmospheres and the volume V in cm.3. In figure 8 the result just obtained has been plotted. Similar calculations have been performed for the same gas for a temperature T -130° K and the result is shown on the same figure.
The general shape of the curves obtained is rather similar to the classical curve of van der Waals except that there is a sharp point instead of a smooth minimum. This point corresponds to the singularity separating the gas from the liquid; it lies in the region of completely unstable states. This confirms the statement made in the introduction, that Mayer's interpretation, namely that the singularity represents directly the point of condensation, or in other words the equilibrium of liquid and gas is not right. The latter has in fact to be found by the usual thermodynamical construction (Maxwell).
If the curves are examined in more detail it is obvious that the first one corre sponds indeed almost to the critical point as the kink is very small. In the second curve the range of unstable states is considerably larger. A conspicuous feature is the fact that the curves for small volumes do not ascend steeply but have a maximum and fall again. This may be due to the crudeness of the approximation (i.e. the fact of having taken into account only the first three roots of the transcendental equation). But it seems to be quite possible that it is an indication of another range of unstable states separating the liquid from the solid. This has to be investigated.
Concerning the absolute values, one can compare the experimental critical point with the situation of the maximum in the gas region, calculated for the experimental critical temperature, figure 8. The result is given now:
The agreement is very good for the pressure and sufficiently good for the volume, and it must be kept in mind that in all previous theories, for instance that of LennardJones, the deviation was still greater.
The calculations in this paper are only intended to show that one can obtain an equation of state representing the liquid and the gas states in one expression, the constants being expressed in terms of the atomic forces.
Exact numerical prediction would need a very great amount of computation* It seems more important to use the same method for calculating the radial dis tribution function which can directly be compared with X-ray experiments. This will be done in a following paper.
The author would here gratefully acknowledge the debt he owes to Professor Max Born, who suggested the subject of this work and gave the author invaluable advice and encouragement. He is also indebted to Dr H. S. Green for many helpful suggestions. 
